This paper presents an analysis of the errors in lattice parameter measurements by the Bond method due to axial misalignment of the collimator and the crystal normal. These errors were considered separately in the original presentation by Bond, but primarily with the intent of reducing the errors to acceptable limits by defining the limits of misalignment. In cases where misalignment cannot be prevented, it becomes necessary to determine the error quantitatively so that corrections can be made. The analysis leads to the result that the error in lattice parameter is related to the difference, rather than the sum, of the misalignment errors considered by Bond, and a useful method of determining the error is described. The analysis is supported by measurements of the lattice parameter of copper.
Introduction
has discussed in some detail a method for measurement of lattice parameters of perfect single crystals to an accuracy within a few parts per million. The 'Bond method' consists of measuring the angle between two reflecting positions of the crystal. Several significant sources of error are minimized, and corrections for the remaining errors are discussed in the reference.
The Bond method is being applied at this Laboratory to determine the isochronal annealing recovery of the lattice parameter change of pure copper single crystals irradiated at 4.2 °K with fast neutrons (Gruber, Blewitt, Tesk, Sharma & Black, 1969) . In this experiment, interest is centered on small differences in lattice parameter, rather than on the absolute value of the lattice parameter. Thus many of the remaining errors and corrections can be neglected, since they are constant functions of the system, the specimen, or the X-ray wavelength.
However, the error resulting from misalignment of the crystal with the diffractometer axis of rotation can be a significant problem in our case, where a precision on the order of 1 ppm is desired, and where the crystal tilt may alter slightly during annealing or manipulation of the cryostat on the spectrometer. The result given by Bond, d=n2/(2 cos A sin 0'),
collimator and crystal must be oriented so that the sum of the two errors is within + 4.8 min.
Such precise alignment is difficult to obtain and maintain in our experiment. Further, since the error is proportional to ,j2, a slight change in alignment becomes increasingly important as the magnitude of A increases. A more detailed analysis of the crystal tilt error was therefore carried out so that the data could be corrected accurately. The result of the analysis has led to a better method of measurement and control of the degree of crystal tilt, as well as a quantitative method for correcting the lattice parameter data for tilt errors.
Analysis
Axial misalignment of both the incident beam and the crystal are considered. The incident beam is represented by the unit vector I in Fig. 1 . The axis of rotation defines the z axis, and I lies in the x-z plane at an angle 61 from the x axis. The components of I can therefore be given as (cos dl, 0, sin 61). The normal to the reflecting plane is given by the unit vector N in the Figure. The angle ~ is the complement of the Bragg angle 0, ct' is the measured angle, and d2 is the crystal tilt angle. The components of N can be written (cos d2 cos ct', cos 62 sin ct', sin d2). Bragg's law can be written in terms of ct as d= 2 cos ~ '
(2)
where 0' is the measured Bragg angle and d is the angle between the reflecting plane and the axis of rotation, leads to the conclusion that A must not exceed 4.8 minutes of arc for an accuracy of 1 ppm. Bond further concludes that in order to achieve this accuracy, both the * This work was performed under the auspices of the U.S. Atomic Energy Commission. and cos ~ can be calculated immediately as the scalar product I • N; the result is cos ~ = cos dl cos d2 cos c¢'+ sin dx sin ~2 •
If the functions of •1 and 62 are expanded in power series, and terms beyond 64 are omitted, substitution for cos c¢ in equation (2) gives the result Equation (,4) has been simplified by use of the approximation (1 +x) -1 ~" 1 --.v+x 2 ,
valid for small x. It call be noted from equation (4) that, for small ~', both error terms tend to zero for 61 =62.
In our case, where ~_ 7 °, it can be shown that the contribution due to the term in brackets in equation (4) does not exceed 1 ppm for the following limiting cases :
81=0, 82<2"7°; /52=0, 81<2"7°; 81=82_< 8.1°;
Thus for normal values of 6~ and 82 (on the order of a few minutes of arc) this correction term should be quite small, and can conveniently be neglected. The first correction term in equation (4) can be simplified by using the approximation:
The result is, again neglecting higher-flrder terms,
n2
[ ] --~O102~. d_ 2cos~' 1+½(61-/52) 2 1,'~~,2
The experimentally determined value of the lattice parameter is given from equation (2) 
The error in d is therefore
which can be written
where LId-d'-d, and the error due to substitution of d for d' in the denominator is negligible. The measured value d' will thus be too small by an amount proportional to the square of the difference in the two alignment errors, and too large by an amount proportional to the product/51/52. (Note that/51 and/or i52 can be negative.) It will be shown in the following discussion that the second term is commonly negligible. Finally, if61 or 32 is zero, equation (8) reduces to the result given by Bond.
Results
In most applications of the Bond method, 0 is chosen as large as possible in order to obtain maximum sensitivity. In our case, ~' is only about 7 °, so that the second term in equation (8) is quite small for reasonable values of/51 and/52. For example, if/51=/52, each error can be as large as 28 min without causing an error in excess of 1 ppm. It is relatively easy to align the collimator with the diffractometer axis of rotation to an accuracy much better than this; further, this adjustment has the advantage that it need not be disturbed during an experiment. The difficulty lies in accurately aligning the crystal with the desired atomic planes sufficiently parallel to the axis, and in measuring the degree of misalignment.
Bond describes a very precise alignment that requires manipulation of the crystal ; in many cases, however, the crystal is inaccessible and the technique cannot be applied. In our case, the crystal is mounted in a cryostat on the diffractometer. During an experiment, the crystal alignment can be disturbed (for example, during transfer of helium into the cryostat, or evacuation of the cryostat vacuum jacket); it is necessary then either to correct the alignment or to correct the data for the change in 62.
Although it is difficult to align the crystal with the axis of rotation,[there is a very strightforward means of aligning it with the collimator; an appropriately positioned film is simply exposed in the reflected beam. The vertical position, x, of the spot on the film is a direct measure of(61-62), provided a zero reference is known.
The difference in angles can be written as 61 --/52 "~ tan (61 -62) = x°--7 x 2l '
where l is the crystal-film separation and the 2 enters because the reflection is shifted twice as much as the For the particular case l= 670 mm, we obtain, for x in mm, Ad "~ -0"28 x 10-6(x0-x) 2 .
(11) d -
The second term in equation (8) has been ignored in equations (10) and (11) as being negligibly small. As an example, if ~'--7 °, and we take 61 =20' (about 0.006 radians, a rather large tilt), then it can be shown that the error zfd/d due to the second term is only 0.06 ppm at 61 =61. Furthermore, for the rather extreme cases where the crystal tilt angle 62 causes a shift Ax of -20 and + 20 mm, the error due to the second term is only + 0.32 ppm, while that due to the first term is -72.2 and -159.1 ppm, respectively.
Some measurements of lattice parameter as a function of crystal tilt have been made at several temperatures. The data are plotted in Fig. 2 , with the magnitude of the error plotted as a function of position of the center of the reflection on the film, relative to an arbitrary reference at the bottom of the film. There is thus one disposable parameter, x0, in equation (11). The value x0 = 87.4 mm was found to give the best agreement with the data, and was used in calculating the values represented by the solid line in Fig. 2 .
The agreement of the data with the prediction of equation (11) is very good, except for relatively large crystal tilt angles 62. The disparity at larger angles is not surprising, since equation (11) was derived using approximations based on the premise that O~ and 6z are small.
It has thus been shown experimentally that the analysis is sufficiently accurate to correct measured values d' for tilt error. Two improvements were needed to simplify use of the method described above. The first was an improvement in the method of determining the value x0. It was found that measurements of the collimating system with a precision cathetometer gave essentially the same value of x0 that we had determined experimentally; the use of a cathetometer is much more direct, easier, and quicker. The second improvement was a modification of the cryostat mount to permit precise alignment with the predetermined value of x0. A slight change in crystal tilt then leads to a much smaller correction since the correction is proportional to the square of the misalignment.
The significance of the results is twofold. First, the error in d is not proportional to the square of the sum of the error angles, as concluded by Bond, but to the square of the difference. The crystal tilt error can thus be more effectively minimized by aligning the crystal relative to the collimator than by alignment relative to the axis of rotation (assuming that the collimator is reasonably well aligned with the axis of rotation). If both alignments are made relative to the axis of rotation, the alignment of each must be accurate within + 2.4 min. to guarantee accuracy of 1 ppm in d. However, the misalignment of the collimator can be considerably greater (say, for our case, ~ 10 min.) and the alignment of the crystal relative to the collimator need still be accurate to only about _+ 4 rain. to obtain accuracy of 1 ppm in d.
Second, the results provide a convenient technique for measuring quantitatively the relative misorientation. All that is necessary is to take a picture of the diffracted beam and compare its position to the 'zero' position determined by the collimating system. Comparison of the difference in position to a curve similar to Fig. 2 (but based on the system being used) can give the error in d directly.
Discussion
An independent analysis of this problem has been given by Burke & Tomkeieff (1968 , 1969 . In the first reference (Burke & Tomkeieff, 1968) some representative tilt errors were calculated from an equation equivalent to equation (3). The calculations showed that the errors are not simply additive when in opposite sense and are partially compensating when in the same sense, with 'perfect' compensation at 0= 90 °.
A more generalized treatment of the combined tilt errors was given in the later work (Burke & Tomkeieff, 1969) . The results were presented in terms of the ratio of the two tilt angles, and it was shown that the error Ad/d passes through an algebraic maximum for 61 =62/cos ~' (in our notation). It must be noted that, for large differences in O~ and 02, the error as defined is negative.
These results can be greatly clarified in the light of the present analysis. First, it has been pointed out in the preceding section that the error, for small ~', is proportional to the square of the difference in O~ and 62. It is also apparent [from equation (8) for 0=90 °, or ~' =0. Thus the conclusions of Burke & Tomkeieff (1968) are expressed analytically by equation (8). The curve given by Burke & Tomkeieff (1969) is closely related to the parabola shown in Fig. 2 , except that the curve shows the slight shift of the maximum from the position 6~ =--6 2 and the small error remaining at the position corresponding to this maximum.
These small differences result from the second term in equation (8), and can safely be ignored if ~' is sufficiently small. For the case ~'= 7 °, the shift in the maximum corresponds to a change in 62 of only 0-007 61, or a change of less than 1% from the approximate result 6~ = 62; it would be practically impossible to measure such a change. Finally, although it might at first appear preferable to perform measurements at tilt angles corresponding to zero error, it is in fact better to align as close to the algebraic maximum as possible. Even though a very small residual error is added in terms of absolute accuracy, an advantage is obtained in that small changes in tilt introduce smaller errors near the maximum, because the slope of the error curve is minimized at that point.
APPENDIX
The preceding analysis of crystal tilt error can also be extended to other types of lattice parameter measurement systems. For example, in some cases both the front and back surfaces of the crystal are accessible to the incident beam. Denoting the surfaces as 'a' and 'b', we can write from equation (8) dda -Adb __/(~1 --6~2a)2 + 1((~1 --~2b )2 __ d +½61g'2(g2a--62b ) .
But 62,,=-6zb, and dda-dd~=da-db, so that this equation reduces to da -do _' -" (2 + ~'2)3132 . (12) d Consideration of this equation leads to some interesting possibilities. For example, by purposely making 3~ or 62~ non-zero (and in fact relatively large), the other error can be eliminated by adjusting the angle until da =d0 (or 0a = Oh). The actual procedure would depend on the equipment being used, but the procedure could be practical if one angle (say ~) were precisely resettable, as with a precision level or a cathetometer.
Introduction
Many attempts have been made to relate mechanical, physical and chemical properties of solid solutions to the electronic structure and relative sizes of the atoms in the solution. All of these studies, whether pheno-menological or theoretical in nature, depend on experimental determinations of the lattice parameters of the solid solutions. Too often, published data contain inaccuracies; correlations of the incorrect data with electronic structure, with solid-solution strengthening or with other properties inevitably fail.
